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Synopsis 
The difference between the hydraulic permeability K under a pressure gradient and the 

diffusive permeability P under a concentration gradient can be explained by the in- 
cipient viscous flow at high degree of swelling. This flow is opposed by the friction resist- 
ance of the macromolecules of the highly swollen membrane. It comes to an end at  a 
critical swelling H,  when the number of permeant molecules is not more sufscient for a 
complete solvation of the macromolecules of the membrane. Below this swelling, K 
equals PVl/RT, where Vl is the molar volume of the permeant, and above it the dif- 
ference K - PVJRT is proportional to H/(1 - H )  - &/(l - Hc). The proportion- 
ality factor depends on the friction coefficient of the macromolecular segments and on the 
average lateral chain clustering. The data on poly(glycero1 methacrylate) suggest that 
on the average the aggregates contain two chains. 

A previous study' on the transport of water through swollen homogeneous 
polymer membranes has shown that at small hydration H, i.e., a t  small 
volume fraction of water in the membrane, the hydraulic permeability K 
under a pressure gradient equals the generalized diffusive permeability 
PVI/RT under a concentration gradient. At high H, however, K exceeds 
PVJRT by many orders of magnitude, where V1 is the molar volume of 
water, R is the gas constant, and T is absolute temperature. The flux is 
measured in cm3/cm2sec in the hydraulic and in g/cm2sec in the diffusive 
experiment. The measurements were performed on membranes differing 
widely in chemical composition: cellulose acetate and various polymeth- 
acrylates (methyl, hydroxyethyl, hydroxypropyl, monoglycerol). The 
values P and K turned out to be merely dependent on hydration which, of 
course, is determined by the chemical composition. 

The diffusive permeability was explained by the concept of the free 
volume per cm3, 

V Z  = (1 - H ) v ~  + H v ~  (1) 

p = HDleV1*/'f (2) 

as the weighted sum of free volume of polymer (vn) and water (vn), yielding 

where D1 is the self-diffusion coefficient of water and Vl* is a constant 
proportional to the cross section of water molecule. The permeability ac- 
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cording to eq. (2) is in good agreement with experimental data in the whole 
hydration range from pure water (H = 1 )  to nearly unswollen dry mem- 
brane (H = 0). At sufficiently high hydration it also describes well the 
permeability for other diffusants dissolved in water2 if DI is replaced by 
the diffusion coefficient of the solute in water and Vl* is modified according 
to the cross section of diffusant which in first approximation is propor- 
tional to M”’. 

No explanation was attempted for the hydraulic permeability. The 
usual capillary model assumes, per om2 of membrane, m capillaries with an 
average radius r. One has 

H = mm2 (3) 
K = mm4/f.3q = Hr2/8q 

which yields the average radius of the capillary as function of K / H ,  

r = @ , K / H ) * ~  (4) 

No simple way exists to predict r fts function of H in such a manner to 
obtain the experimental K .  The model assumes a constant viscosity q of 
the permeant. 

The basic concept of a homogeneous polymer membrane, however, which 
yielded the simple freevolume description of diffusive permeability1 can 
also be applied to the hydraulic permeability. A simple correlation can be 
derived which represents well the experimental data. It is based on the 
main assumption of the model that the polymer chains of the swollen mem- 
brane are so intimately mixed with the swelling agent (water) that no 
phase separation exists. The flow with a velocity of the liquid through 
such a membrane is rather uniformly impeded by the resistance of polymer 
chains. Each element of the polymer, let us say each monomer, con- 
tributes on the average the same frictional resistance fv ,  where the co&cient 
f is proportional to the viscosity of the liquid. Such a concept was intro- 
duced by Debye and Bueche3 for the treatment of intrinsic viscosity and 
translational diffusion of randomly coiled macromolecules. They re- 
placed the molecule with q monomer units by an equivalent sphere with Q 
uniformly distributed frictional elements each having the same frictional 
co&cient f. 

The flow through a highly hydrated membrane under a pressure gradient 
can be considered as the sum of fluxes due to diffusion Jd and viscous flow J,, 

J = J d  + J f  = (& + K,)Ap/Ax. (5) 
As already mentioned, the coefficient K d  of the diffusion flow is closely con- 
nected with the permeability P under a concentration gradient. One 
hence obtains for the viscous flow permeability 

K ,  = K - Kd = K - PVi/RT. (6) 
The viscous resistance 1 /K ,  is caused by the frictional resistance of all 
chain elements of the membrane (n/cm3). 



HIGHLY SWOLLEN MEMBRANES 867 

The driving force F overcoming the resistance to flow through 1 cm3 of 
the membrane reads 

and the flux due to viscous flow, 

J l  = Hv. 

since n is given by 

n = (1 - H)pmN/Mo, (9) 

where Mo is the molecular weight of the repeating unit, N is Avogadro’s 
number, and pm is the density of the dry membrane; Kl is given by 

with the hydration parameter 

x = (1 - H ) / H  

measuring the ratio polymer/water in the membrane. Equation (10) 
yields infinite flow permeability for pure water, H = 1, and vanishing flow 
permeability for a nearly dry membrane, H --t 0. 

This relation must be modified at  lower hydration when there are not 
sufficient permeant molecules for complete solvation of the membrane 
macromolecules and still less for a viscous flow between them. In this 
case the molecules of the permeant are severely impeded in their m~bil i ty .~ 
One can assume that this effect brings the viscous flow of permeant to zero 
at  a critical hydration H ,  which corresponds to the point where Kl = 0, 
and K = Kd = PVl/RT. With this modification, eq. (10) becomes 

Mo 
fPmN 

Kl = - (: - i), 
yielding Kl = Q) a t  H = 1 (x = 0) and K 1  = 0 at H = H ,  = 1/(1 + XJ. 

The data presented in ref. 1 are replotted as Kl = K - PVl/RT versus 
l/x in Figure 1. In agreement with eq. (12), they are located on a straight 
line with a slope Mo/fpmN and an abscissa intercept x = x,. From this 
plot l/xc was estimated as 0.75 and Mo/fpmN = 2.88X cm2/sec atm = 
2.94 X cm%ec/g. 

The calculated values of Kl asymptotically approach infinity as x goes to 
zero. In a plot of the calculated log Kl versus z (Fig. 2), this is noticeable 
for values of x smaller than 0.1. In the range of x values from 0.1 to 1.1, 
the curve can be well approximated by a straight line. Beyond that range 
it rapidly goes to minus infinity as x approaches 5,. The existence of the 
linear section seems to be the explanation of the fact that an apparently 
linear dependence of log K on x was found for a certain range of small x.’ 
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Fig. 1. Viscous permeability Kt = K - PVl/RT of different polymethscrylate and cel- 
lulose acetate membranes' vs. l / ~  = H/(1 - H). Full line corresponds to eq. (12). 

But the somewhat similar dependence of log K and log P on x in this range 
does not reflect a similar influence of hydration on the two types of trans- 
port through the membrane. If x goes to zero, P approaches the self-diffu- 
sion constant Do of water while K,, and consequently K ,  approach infinity. 

According to eq. (12), at  high x > xc the viscous flux disappears com- 
pletely so that K = Kd = PVl/RT, in good agreement with observation 
(Fig. 1). In  a semilogarithmic plot of K ,  versus x, the experimental 
data show a more gradual decrease, with a complete vanishing above 3: - 
10. Such a situation seems nearly self-evident because the blocking of the 
viscous flow certainly is not abrupt but gradually proceeds with decreasing 
hydration. 

The value M o / j h N  can be used for the calculation of the friction GO&- 
cient of the monomer unit of the membrane. If one assumes that each 
monomer is a sphere freely suspended in water without any hydrodynamic 
interaction from other monomers, one deduces for the hydrodynamic radius 
ah = f/61rq of the monomer unit the value 2 X 10-3 Mo (A). With MO = 
145, one obtains ar = 0.3 A, which is much too small. Since the polymer 
chain is much more like a cylinder than a string of widely separated spherical 
beads with no hydrodynamic interaction, it makes more sense to calculate 
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Fig. 2. Semilogarithmic plot of Kf vs. z = (1 - H ) / H  for the same data as inFig. 1. 
Full line corresponds to eq. (12). 

the hydrodynamic radius of such an equivalent cylinder. The hydro- 
dynamic resistance of a cylinder or elongated spheroid depends on the 
length to diameter ratio p .  If one has p monomers in a straight section of 
the macromolecule of the membrane, the ratio p equals ph/2r, where h = 
2.5 A is the length of the vinyl monomer unit and 2r is its diameter which 
can be estimated from the density of the material. Under the assump- 
tion of closest packing of cylinders, one obtains for poly(glycero1 methacry- 
late) with MO = 145 a value 5 A for the cylinder radius. The true value is 
certainly a little smaller. The hydrodynamic resistance coefficient per 
length h of such a cylinder turns out to be 

B q ( 7 )  3phr2 = 6 ~ 7 h p ( p ) ( 1 6 p ~ / 3 ) - ~ ”  
(13) 

where p(p) is a tabulated function6 increasing rather slowly with p .  If 
one puts f ( p ) / 6 ~ ~  = 2 x 10-3 itto (A) = ah = 0.3 A, one obtains 

p”’/&) = 0.572h/aR = 4.8 (14) 
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yielding for p a value close to 60 and 600 A for the length of the straight 
section of the macromolecule. Both values seem to be too high. That 
means that neither isolated monomers without hydrodynamic interaction 
nor individual cylindrical macromolecules are a good model for the highly 
hydrated polymer membrane. 

A more reasonable value is obtained if one assumes that the macro- 
molecular chains are not completely separated but occur in bundles,6 so 
that the friction unit has a significantly higher molecular weight than the 
monomer. If on the average v chains are sticking together, the cylinder 
radius increases by a factor v1I2, the mass per unit length, and hence (i&h by v 
and the ratio p reduces by v-’“. By taking v = 2, one obtains p’”/p(p) = 
2.4 yielding a value for p of about 5 and for the length of straight section 
about 35 A which is equivalent to 14 monomer units on one chain. This 
seems to be a reasonable estimate for the model of the homogeneously 
swollen membrane considering that the experimental figures are very 
rough averages over the wide variety of samples investigated. 

One can conclude that the model presented in ref. 1 with a relatively 
small amount of lateral chain clustering (v = 2) explains adequately the 
transport of water in a homogeneous polymer membrane both under 
hydraulic and diffusive conditions. It is expected that the general rela- 
tionship, eq. (12), found for water in hydrated polymer membrane can be 
extended to more general liquid permeants in swollen polymer membranes. 
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